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r.  Genera!  su^TiriRcry  of  work  under  thi:  grant 

The  principal  in /cat  •  gator  waa  fortunate  in  obtait;i«>r 
an  excellent  graduate  atudent,^  Mr.  K  f  \  K I  opfenste  i  to  aid  in 
the  research  under  thia  grant  r. 

Two  papers  were  propared  and  submitted  for  publicatio'i 
as  a  result  of  this  research;  copies  of  these  papers  have  be^e^n 
sent  previously  to  AFOSR  to  be  filed-.  These  papers  were  entitlt'd: 
[Ij  "On  Singular  Sturm^L  t  ouv  t  1  I  e  Ficien  value  Problems^"  and 
[2}  '^Sturm""'L  I  ouv  i  I  I  e  Systema  That  Gonorate  Famtljoao"  v 

The  title  of  the  first  of  these  papers  [1]  has  been  changed 
to 

[3  3  "A  Remark  on  Singular  Sturm- t  i  ouv  i  f  I  e  Differential  Equaticno^^ 
and  has  been  accepted  for  publication  in  the  AMERICAN  MATHEMAFIGAL 
MOtvrf<LV.> 

As  yet  no  word  ha®  been  received  as  to  the  fate  of  cK 
second  of  these  papers  [23-  It  was  ^lubmitted  fo?^  publication  i  j 
the  SIAM  REVIEW. 


I\ev  i 


2r  Revie^^f  research  pursued  under  the  grant 

The  main  portion  of  the  time  under  the  present  grent 
was  spent  in  examining  Sturwe- L  i  ouv  i  !  ( e  systems  for  possible  fut  tio 
to  use  in  approx i mat i ons  using  orthogonal  functions^  It  is  knc.n 
[4^  5i>  63  thst  the  eegenvalutss  of  a  Sturm-^L  i  ouv i  !  1  e /oysiem  «t^c 
orthogonal  over  some  intervot  [a,;  bj  with  respect  to  some  f unev  ] 
w(x)#  SO/;  as  a  first  area  of  exploration,  it  was  decided  to  ex* 
amine  in  more  detail  the  more  general  typoa  of  Sturm-d.  i ouv i M « 


ayatems  thet  arose  in  [6], 

In  opppox  I  Mai:  i  np  tho  itol  ul:  icnii  di  fFerant;  iol  aquo'fcions 
and  i  n'(:epro**d  i  f 'Faren't  i  a  I  equations^  it  is  necessary  to  approxi¬ 
mate  the  various  derivatives  of  a  solution  as  well  as  the  so¬ 
lution  itself.  The  functions  studied  in  C2]  were  found  to  pos¬ 
sess  precisely  the  properties  desired  for  approximating  functions- 
A  family  of  Sturm-L i ouv i I  I e  systems  is  defined  to  bo  the 
collection  of  Sturm-L  iouvi  I  I  e  systems  consisting  of  an  equatio:-! 
of  the  type 

(1)  py"  +  sy'  +  (q  +  ^,.r)y  =«  0 

with  correspond ing  homogeneous  boundary  conditions  of  the  form 

(2)  Ay(a)  +  By'(o)  ™  0 
Cy(b)  +  Dy'(b)  "0 

and  all  Sturm-L  I  ouv  i  I  I  e  systems  that  can  be  obtained  by  repoato'jly 
diffsrentiat ing  and  integrating  equation  I  and  applying  e  per- 
tictilar  set  of  boundary  conditions  of  the  form  of  equation  2  to 
the  same  interval  [a,  b].  In  [2]  the  necesoary  and  sufficient 
cenditions  were  determined  for  the  coefficients  in  equation  I 
r'nd  2  so  that  the  system  would  generate  a  family;, 

The  singular  Sturm-L • ouv i 1  I e  differential  equations  in  per 
ticular  were  discovered  to  provide  fruitful  resuitso  It  was 
found  that  the  only  singular  Sturm-L iouvi I le  differential  o- 
quations  that  can  generate  families  and  which  hove  s  i  ngu  I  ar  i  t  i«': 
at  both  endpoints  of  the  interval  are  the  differential  equation' 
of  Hermitc#  Jacobi;,  and  Laguerre.  Furthermore/  these  are  the  only 
Sturm-L  i  ouv  i  I  )  e  differential  equations  that  have  polynomial  aiger.’ 
functions  and  generate  familieso 


Avi  1  iv  5  4  c  r  5&U  1 c  r  tt^e  pr^cod 5  ri^  sti.?«jy ,r  a  paper  [3]  c}e“* 

ve loped  in  which  it  was  nhown  that  a  of  Hahn  t7]  can  be 

derived  by  different  means  thon  ho  used*  Sn  particuler  It  was 
shown  that  by  relying  on  the  usual  assumption  that  the  weipht 
fu.net  5  on  w( x)  be  pos i  t  i  vo  and  i  ntegrab  I  e  over  the  i  ntervel  of 
orthogonal i ty  (a,  b),  then  equation  I  is  equivalent,  up  to  "a 
linear  transf ormat i on  of  the  Independent  variable,  to  the  differ-^ 
entiol  equations  cf  Hermitc,  Jacobs,  and  Loquerre#  under  the  nec-sn  " 
sary  and  sufficient  conditions  determined  for  that  equation  to 
generate  a  family,  for  the  case  in  which  equation  I  has  singu*^ 
laritios  at  both  endpoints  of  the  interval  Ca,  b^o 

?t  is  hoped  that  tho  results  of  [23  end  [33  will  be  useful 
in  the  areas  of  approximation  to  be  studied  under  the  continu'^* 
at  ion  of  the  grant  on  '^Approximat  ions  Using  Orthogonal  Functi  onsc'" 
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